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1. Introduction

Material nonlinearity is an inevitable problem in the numerical
simulations of many engineering structures. Many researchers are
interested in studying and implementing nonlinear calculation
methods and software. The finite element method (FEM) has been
used extensively as an effective technique for obtaining reasonable
solutions. In traditional FEM, the domain is often discretized into
triangles or quadrilaterals. Polygon finite elements and related
methods have been proposed in recent years. Some representative
numerical methods are based on polygon elements, such as the
rational function interpolation by Wachspress [1-3], the Voronoi
cell finite element method (VCFEM) and polygon elements using
natural neighbor shape functions [4,5], the planar arbitrary polyg-
onal element method [6,7], the macro-element Galerkin method
(MEGM) [8], the conforming polygonal finite element (CPFE)
method [9] and the natural element method (NEM) [10]. Using
polygon elements, the discretization becomes more flexible, offer-
ing high accuracy and a high degree of convergence, and the
mechanical properties can be simulated conveniently and effec-
tively. The aforementioned methods based on polygon finite ele-
ments [11-13] are promising in the numerical simulation field.
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The scaled boundary finite element method (SBFEM), presented
by Wolf and Song [14-17], combines the advantages of the bound-
ary element method (BEM) and FEM. SBFEM is a semi-analytical
method, in which a numerical solution is obtained in the circum-
ferential direction and an analytical value can be derived in the
radial direction. Compared with conventional FEM, SBFEM
increases the degree of precision and convergence in the numerical
simulations and significantly reduces the number of degrees of
freedom in the computational model. In addition, no fundamental
solutions are require for the application of the variational principle.
These advantages/benefits make SBFEM a powerful tool for a wide
variety of linear elasticity problems.

During the past two decades, SBFEM has been used to many
problems in engineering fields, such as those related to unbounded
media [18], electrostatic fields [19], electromagnetic waveguides
[20], magneto-electro-elastic plates [21] and fluid-structure inter-
actions [22]. In unbounded media, the radiation conditions at infin-
ity can be satisfied exactly and automatically. The number of
elements is dramatically reduced in the fluid-structure interaction
field because discretization is only performed at the boundary. In
electromagnetic problems, the singularity of the contact between
different materials can be efficiently solved.

The polygonal scaled boundary finite element method
(PSBFEM) was recently developed based on SBFEM. The concept
of polygons was introduced to handle more complex geometries,
making SBFEM more flexible and convenient. Compared with
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FEMs, PSBFEM contributes to getting a higher degree of precision
and convergence [23]. Many researchers have implemented
PSBFEM through numerical simulation. Ooi [24-27] applied this
theory to solve the fracture analysis of structures; Bao [28] simu-
lated the crack propagation of a gravity dam under seismic load-
ing; and Mingguang [29] modeled the crack propagation for
contacts between different materials.

However, SBFEM are mostly subject to linear elastic materials
and rarely used in non-linearity materials in practice, especially
in engineering fields. Combining SBFEM with the homotopy analy-
sis method (HAM), Lin and Liao [30] applied SBFEM to solve non-
linear problems. The least squares method was introduced to
adjust to the integration polynomial to simulate plasticity over
each polygon, and the PSBFEM formulation for elasto-plastic anal-
ysis was derived by Ooi et al. [31]. This study presents a different
approach for applying SBFEM to non-linear materials.

According to the integral rule of triangles in FEM, three internal
Gaussian integration points are introduced over a sector covered
by a line element on the boundary, and a novel nonlinear polygon
scaled boundary finite element method (NPSBFEM) is developed to
simulate the nonlinear properties of geomaterials. The elasto-
plastic constitutive matrix, stiffness matrix and imbalance force
vector can be conveniently derived by combining the development
platform of the finite element procedure. Then, SBFEM can be used
to model nonlinear material properties with polygon elements.

The remainder of this paper is organized as follows. The basic
theoretical derivation of the PSBFEM is introduced in Section 2.
The displacement field, the shape function of the polygon elements
and the incremental strain and stress fields are also described in
Section 2. Section 3 describes the scaled boundary polygon formu-
lation for elasto-plastic analysis. The development platform of the
proposed algorithm is introduced in Section 4. The reliability of the
procedure is validated by two numerical examples in Section 5.
Section 6 summarizes the major conclusions that can be drawn
from this study.

2. Theoretical derivation of the PSBFEM
2.1. Coordinate transformation

An arbitrary domain Q can be discretized with a mesh of arbi-
trary n-sided polygons (where n can be any integer >3). Any poly-
gon can be treated as an SBFEM subdomain as long as its geometry
satisfies the SBFEM scaling requirement, i.e., any point on the poly-
gon boundary must be directly visible from the scaling center. The
numerical results of the domain are obtained after solving each
subdomain with the SBFEM.
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Fig. 1. Polygon representation of the SBFEM.

Fig. 1 shows a typical polygon modeled using the PSBFEM. A
scaling center is defined at the geometric center of the polygon.
Each edge on the polygon is discretized using one-dimensional line
elements with a local coordinate s that varies from —1 to +1, and a
radial coordinate ¢ is defined that varies from zero at the scaling
center to unity on the boundary. Two-node linear elements are
used in this study; the Cartesian coordinates of an element can
be expressed in terms of the scaled boundary coordinates as
follows:

Xp(S) = N($)Xs (2-1)
Yu(s) =N(s)Ys (2-2)
N(s) = [N1(s), N2(s), N3(5), ... Nin(5)] (2-3)

where X, and y, represent the vector of nodal coordinates on the
boundary, x,(s) and y,(s) are the coordinate vectors along the line
element, and N(s) is the shape function vector of a line element with
m nodes on the polygon boundary. Only the boundary is discretized
with line elements in each subdomain of SBFEM, so increasing the
order of the shape function does not increase the mesh complexity.
Increasing the order of the shape functions is convenient if neces-
sary, and standard one-dimensional Gauss-Lobatto-Lagrange shape
functions can be used. The entire polygon domain can be captured
by scaling the polygon boundaries according to the radial coordi-
nate with respect to the scaling center 0. The scaled boundary coor-
dinate system (¢, s) is related to the Cartesian coordinate system by
the scaling equation as follows:

X(¢,5) = EN(s)Xp (2-4)

Y(&,5) = EN(s)y, (2-5)

where (x, y) is the geometry of a point inside the domain.
2.2. Scaled boundary polygon shape functions

For a sector covered by a line element on a polygon boundary,
an approximate solution for the displacement at any point in a sub-
domain can be written in a form related to the local coordinates of
the SBFEM:

u(¢,s) = Nu(s)u(o)

where the nodal displacement functions u(¢) are introduced, which
denote the displacements along the radial lines are analyzed with
respect to the radial coordinate, and N,(s) represents the shape
function matrix, which has the following form:
Nq(s) 0 Nys) 0 0 Nn(s) 0
"L 0 Ni(s) 0 Nys) 0 -~ 0 Nl
(2-7)

(2-6)

Nu(s)

Then, the partial differential equations of equilibrium for a poly-
gon derived from the Galerkin weighted residual method result in
the following equation, and the radial displacement functions u(¢)
are the solution to the SBFEM governing equation for
displacement.

EoZu(é) .. + (Eo — Ey + E})éu(é) . — Eau(é) + F(¢) =0 (2-8)

where the coefficient matrices E(i=0,1,2) depend only on the
geometry and material properties of the subdomain, which are
evaluated for line elements and assembled over the discretized
polygon boundary, and F(¢) is a load vector that includes contribu-
tions from side-face traction, body and thermal loads. Introducing a
new vector X(¢) when the load vector F(¢) becomes zero transforms
Eqgs. (2-8) into a first-order homogeneous differential equation sys-
tem with respect to ¢:
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x-{29)

X(Q) . = —ZX(&)

(2-10)

The coefficient matrix Z is a typical Hamiltonian matrix, as
expressed in Eq. (2-11), q(¢) is the internal nodal force vector,
and u(¢) is the corresponding displacement vector along the
¢-direction.

E,'E] -E,’
z=| " 0 (2-11)
E\E,'E] —E, -EE,’'
Using eigenvalue decomposition, the matrix Z can be decoupled
into pairs of eigenvalues of /; and —/;, and the standard eigenvalue
problem necessary for a polygon is formulated as

ZVU} _ {d/u}sn
Vg ¥

where the diagonal entries of S,, are composed of the real parts of
the eigenvalues. The entries include two zeros (representing the
two modes of translational rigid body motion) and negative num-
bers. The parameters ¥, and y, are modal displacements and
forces, respectively, depending on the DOFs of the line elements.

For a bounded polygon, the solution to Eq. (2-8) can be formulated
as

(2-12)

u(e) =& ey (2-13a)

q(‘f) = '/’qéisn Cn

where the coefficients ¢, are integration constants, which can be
determined from the nodal displacement vector on the subdomain
boundary u, =u(¢=1):

(2-13b)

¢ =y 'u (2-14)

The general solutions for displacements u(¢) and nodal internal
forces q(¢) are obtained by substituting Eq. (2-14) into Eq.
(2-13):

u(d) =y, &y, (2-15a)

q() =¥ &Sy wy (2-15b)

Then, the displacement field u(¢,s) in a sector covered by a line
element on the polygon boundary is evaluated by substituting Eq.
(2-15a) into Eq. (2-6) (see Fig. 1) and can be expressed in terms of
up as
u(&,s) = Nu(S)pu >y, 'ty (2-16)

Therefore, the polygon element shape functions ®(¢,s), similar
to FEM, are extracted as

(D(é7s) = NU(S)'//quisn'//ui]ub

The strain field formulation in SBFEM was proposed by Wolf
[14]. Substituting the displacement function u(¢), the strain-
displacement matrix [14] B(¢,s) is

(2-17)

&(¢,5) =By (u(&) . + & 'By(s)u(é) (2-18)
&(&,5) = [Bi () [~Sn] + Ba(s)¥r )& 5" "y, 'wp (2-19)
B(¢,s) = [By ($)r,[~Su] + Ba (), )¢ T, ! (2-20)

where B,(s) and B,(s) are transformation coefficient matrices that
are expressed as follows:

’ RACE 0

Bi(s) :m 0 —Xp(8) 5 | Nu(s) (2-21)
L =X(S)s  Yb(S)s |
; RAOR 0

B;(s) = Te 0 Xp(8)s | Nu(s) (2-22)
L Xb(s),s _yb(s)_s_

Then, the strain fields of the scaled boundary finite element in
elasto-plastic analysis can be simplified as shown in Eq. (2-23):

8(¢,8) = B(¢, s)uy (2-23)

The incremental strain field can be decomposed into elastic and
plastic strain incremental components. The plastic strain incre-
ment can be determined from the plastic flow rule. Assuming asso-
ciative plasticity and using the yielding functions F and the plastic
multiplier AZ, the plastic strain increment is formulated as shown
in Eq. (2-25):

A& = A, + Ag, (2-24)
OF
Aty = 5 A (2-25)

where F = F(o, k) is defined as the yield function in the formula and
is determined by the current stress state ¢ and the hardening
parameter k.

Using Hooke’s law and substituting Eq. (2-25) into Eq. (2-24),
the incremental stress field Ae can be written as

Ao = Dg, A (2-26)

where D, is the elasto-plastic constitutive matrix, and the formula
of the generalized plasticity model [32,33] is

D°: Mg y®@n: D*

D,=D°- &~~~ """
e HL/U +n: D°: Mgy

(2-27)
The subscripts L and U denote load and unload, respectively, D®
is the elastic constitutive matrix, n is the loading direction vector,
ng is the flow direction vector, and H is the plastic modulus; the
remaining definitions are provided in Appendix A.
The distinction between the loading and unloading directions is
described using the following criteria:

n:de® >0 (loading) (2-28a)

n:de® <0 (unloading) (2-28Db)

where da® is the elastic stress increment. Substituting Eq. (2-27)
and (2-23) into Eq. (2-26) enables expressing the incremental stress

field as
Ao (&,s) = DepB(E, 5)Auy, (2-29)

where Au, is the nodal displacement increment.

3. Polygon formulation-based SBFEM for elasto-plastic analysis

When the nodal displacements are solved using SBFEM, the dis-
placement field over the discretized subdomain can be easily inter-
polated. Similar to FEM, the scaled boundary polygon formulation
for elasto-plasticity can be derived by applying the principle of vir-
tual work, which is written in SBFEM coordinates as

/5£TAa(é7s)dQ:/6qutdF+/5qubdF—/5sTa(é,s)dQ
Q T Tr Q
(3-1)

where Aa(¢,s) is the incremental stress field, f; and f}, are the sur-
face traction and body force intensity, respectively, and 5&(¢&,s) is
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the virtual strain field corresponding to the virtual displacement
field du(¢,s). Substituting the variables as defined in the previous
sections, the simplified version of Eq. (3-1) can be expressed as

( /Q BT(gs)DepB(g:s)dQ)Aub: < /r o7 (&,5)f.dT + /r d)T(é,s)fbdQ>
- </QBT(§,S)0'(£,s)dQ>
(3-2)

The term within the first set of parentheses on the left-hand
side of Eq. (3-2) is the elasto-plastic stiffness matrix of the polygon
K.p, the term within the second set of parentheses is the external
load vector Ry, and the term within the third set of parentheses
is the internal load vector R;,.. Eq. (3-2) can be simplified as

KepAub = Rext - Rin[ (3'3)

Similar to conventional FEM, Eq. (3-3) is a system of nonlinear
equilibrium equations that can be assembled polygon by polygon.
Then, the total equilibrium equation of the discretized domain is
described as

nPol nPol
<ZKEP> AUb = Z(Rext - Rint)

i—1 i—1

(3-4)

where AU, is the incremental nodal displacement vector on the
boundary of the entire domain. Standard nonlinear iterative proce-
dures, such as the modified Newton-Raphson iterations, can be used
to solve this equation.

3.1. Elasto-plastic constitutive matrix

The formula of the constitutive matrix was derived in the previ-
ous section, but another approach is used to evaluate the matrix in
this study. Ooi et al. [31] applied a polynomial in terms of scaled
boundary coordinates (&,s) to approximate D, which is first
expressed as Eqs. (3-5) with Cartesian coordinates (x,y) and is then
transformed into the SBFEM coordinates:

D.,(X,y) = Do +D1x + Doy + D3x* + Daxy + Dsy? + . .. (3-5)

where the coefficient matrices D;, i=0,1,2... are determined by a
least squares fit over each polygon. The Gaussian integration points
of the line can be used for this purpose. Additional fitting points
along the ¢ coordinate can also be included to compute the fitting
function if necessary, and the points are shown in Fig. 2. This
assumption requires polygons that are sufficiently small for the
variation of D, in the plastic zone to be represented accurately,
and it is relatively computationally intensive.

The conventional finite element theory is used to evaluate the
elasto-plastic constitutive matrix D, in this paper. First, a sector
covered by a line element is taken as a triangular element. Then,
three Gaussian integration points are introduced into the element.
The locations of the points are determined according to the inte-
gration rule of triangular elements; their positions in a polygon
are shown in Fig. 3. The Gaussian points of the line are used to cal-
culate the SBFEM coefficients, and the Gaussian points of the area
are used for integration in the elasto-plastic analysis. For a polygon
element with an arbitrary number of n sides, the number of Gaus-
sian points of the area is 3n, and the number of linear Gaussian
points of the area is 2n.

In conventional FEM, two-dimensional integrals on triangles are
conveniently expressed in terms of triangular coordinates, as
shown in Eq. (3-6), where (L}, L}, L}) are the triangular coordinates
of evaluation point i, A, is the area of triangle e, m indicates the
number of permutations associated with an evaluation point hav-
ing a weight W;, and E is the approximate error of the integration.

&=1.0
@ Gauss/Fitting point

Fig. 2. Location of Gaussian points used to compute the fitting surfaces for D(x, y)
and a(x, y) for a polygon [31].

¢=1.0

® Gauss point of Area
o Gauss point of Line

Fig. 3. Location of Gaussian points over a polygon element.

| fxydnay =AeiWLf(L§,L;,L§) +E (3-6)

The locations of the Gaussian points and the integration formu-
lation for a standard triangular element are given as Eq. (3-7) when
m is equal to three:

J] fesnas=glGg6) 4 (56:3) +7(53)] +2
(3-7)

where the multiplicative factor arises because the area of the
canonical element is 1/2 and all of the weights W; are 1/3.

3.2. Calculation of the elasto-plastic stiffness matrix

A polygon formulation of the elasto-plastic stiffness matrix can
be derived from Eqs. (3-2) and (3-3) as follows:

K., = / B(&,5)De,B(S, 5)dQ 38)
Q
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Then, the polygon matrix K., is determined by integrating over
the discretized subdomain with the Gaussian points of area as
follows:

K, = ZB‘

where Bi(¢,s) denotes the strain displacement transformation
matrix determined by the ith Gaussian point and can be obtained
using Eq. (2-20), Dfap represents the constitutive elasto-plastic
matrix of the ith Gaussian point, which is calculated from the gen-
eralized plasticity model [32,33], and A; is the area held by the ith
point in A.. The elasto-plastic stiffness matrix of the discretized
domain can be evaluated after each K., has been determined for
the polygons.

$)D.,B'(&,5)A; (3-9)

3.3. Calculation of the external load vector

The external load vector Ry, can be extracted from Eq. (3-2) and
is expressed as

Roxc — / o7 (¢, )fdT + / o7 (2, 9)f,dQ
T Q

The first term on the right-hand side of Eq. (3-10) is the dis-
tributed load on the boundary. This can be further simplified as fol-
lows when considering that at the polygon boundary (¢ = 1), ®(¢,s)
= N,(s) applies:

/ ®7(,5)fdT = /N (5)If s

The second term is the body load vector. For the case of a con-
stant body load, this term is expressed by substituting Eq. (2-17)
and integrating numerically with the Gaussian points:

(3-10)

(3-11)

/‘D (& s)fpdQ = ZZ[N’ Wl 0T Fou (3-12)

k=1 i=1

3.4. Calculation of the internal load vector

The formulation of the load vector because of the internal stres-
ses is defined as Eq. (3-13), which is determined from Eq. (3-2). The
stress distribution &(¢&,s) was approximately evaluated using a
polynomial function in the research of Ooi et al. [31], and the pro-
cedure is the same as that for Dep:

R = | B'(c.5)0(c.d0
Q

Here, numerical integration is introduced into the evaluation.
First, the strain field &(¢&,s) can be calculated from Eqs. (2-20) and
(2-23) after the nodal displacements U, on the boundary of the
domain are known. Then, the stress field a;(&,s) at each Gaussian
point is determined by substituting the elasto-plastic constitutive
matrix D}, and the formulas are expressed as

mt - ZBI

(3-13)

Y ei(&,5)A (3-14)

3n
= D&(cs) (3-15)
i=1

4. Scaled boundary polygon procedure for elasto-plasticity

The polygon-scaled boundary finite elements method, PSBFE-
M_Area (integrate over the area) with NPSBFEM and PSBFEM_Line

(integrate on the boundary) are secondarily developed using
object-oriented programming with Visual C++ based on the Win-
dows software GEODYNA [34], which was developed by the second
author. The scaled boundary polygon formulation is extended to
static and dynamic elasto-plastic analyses of geotechnical engi-
neering structures. The multi-core parallel technology is intro-
duced into the GEODYNA program, which provides the
computational capability for large-scale elasto-plastic analysis
including millions of DOFs.

5. Numerical example
5.1. A cantilever beam analysis for elasticity

5.1.1. Model and parameters

A two-dimensional benchmark problem is calculated to verify
the proposed NPSBFEM. A cantilever with one end fixed of length
I and height h with a modulus of elasticity of E = 3e10 Pa and Pois-
son’s ratio of v = 0.2 in plane stress is examined (Fig. 4). The beam
is subjected to a parabolic shear force of F=7e6 N at the free end,
and static analysis is performed. The values [/h =3 and [ = 1.2 m are
selected.

The exact solution is expressed as shown in Egs. (4-1) and (4-2),
where the moment of inertia of the area is I = h*/12; then, the exact
value of point A can be derived as u(A)=0 and ®A) = —2.695 cm.

2
u(x,y) = (5135/1 [(91 “ 30X+ (24 z/)( 2 %)} (4-1)

2

v(x,y)zf%[fmyz(l— X) + (4+50)h4 + (31— x)x?] (4-2)

5.1.2. Methods and meshing

5.1.2.1. PSBFEM. The domain is discretized by 70 polygonal ele-
ments with 141 nodes, as shown in Fig. 5. The cantilever is simu-
lated using the PSBFEM_Area and PSBFEM_Line functions. The
Area function denotes the integration points over the area used
for the integration, and the Line function denotes the points on
the line that is used.

5.1.2.2. PSBFEM and FEM. To further verify the accuracy of
NPSBFEM, the cantilever is also modeled using the commercial
finite-element software ANSYS11.0. The PLANE42 element is

I PP FFY
NS

Fig. 4. Cantilever in plane stress.

Fig. 5. Typical polygonal mesh with 70 polygons and 141 nodes.
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selected, and the domain is discretized with 78 elements with 98
nodes (see Fig. 6). For comparison, the problem as calculated by
PSBFEM_Area is also presented.

Fig. 6. Mesh with 78 elements and 98 nodes.

Table 1

Displacement of point A.
Method PSBFEM_Line PSBFEM_Area Exact
u (cm) 2.25%107° 2.24%107° 0.0
v(cm) —2.6804 —2.6803 —2.695
Error (%) 0.542 0.545 -

Table 2

Displacement of point A.
Method FEM PSBFEM_Area Exact
u (cm) 0.0 0.0 0.0
v (cm) -2.592 —2.656 —2.695
Error (%) 3.82 1.44 -

7240 m

Partial detail

v 0m

5.1.3. Results for the cantilever

5.1.3.1. PSBFEM. The displacements of point A for the different
numerical methods are listed in Table 1. The results from the
two methods correspond well and are close to the exact solution;
the maximum error is only 0.545%. The results illustrate that the
proposed approach can be used to simulate linear properties with
high precision.

5.1.3.2. PSBFEM_Area and FEM. The results of PSBFEM_Area and
FEM are listed in Table 2. The displacements of point A obtained
using the two methods are close to the exact solution, and a higher
precision is shown for the PSBFEM_Area function.

5.2. Numerical simulation of a rockfill dam for elasto-plasticity

5.2.1. Model for calculation

To investigate the applicability of NPSBFEM in simulating
elasto-plastic problems, the construction and impounding process
of a concrete-faced rockfill dam (CFRD) with the extrusion-
sidewall structure is simulated. The extrusion-sidewall is modeled
with pentagonal elements, which are introduced for the transitions
between cross-scale mesh. The dam studied in this research is
symmetrical, with upstream and downstream slopes of 1 V:1.5 H,
and the crest is 15 m. A plain-strain model consisting of 12,202
polygonal elements resulting in 25,702 DOFs is used. The
corresponding model is shown in Fig. 7. Fig. 8 shows the material
distribution of the dam and the size and location of the
extrusion-sidewall. The technology of controlling the birth and
death of elements is introduced into the program to simulate
construction. The rockfill is divided into 79 layers, and the slab is
constructed in one layer. Then, the water level is impounded to a
240 m elevation in thirty steps.

-
250 m

Fig. 7. Model of the CFRD.

£
o
=
<

Toe-slab

extrusion sidewall

rockfill

Fig. 8. Typical extrusion sidewall and partitioning of the dam body materials.
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elements: 34,369
nodes: 34,088

4

* node —

Prolateand triangular .

-

element - =
T &
ansition. -

77[ //./ :
Heavy-workload; Cumbersome;
. “—Malformed and triangular elements
et

Fig. 9. The detail mesh of FEM.

‘A elements: 12,202
nodes: 12,851

e node

Pentagonal element

Transition with
Polygon element

Convenient; Efficient;
Arbitrary complicated shape
Arbitrary location

Fig. 10. NPSBFEM mesh detail.
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5.2.2. Element type

5.2.2.1. Case 1. The construction and impounding processes are
simulated using the finite-element software GEODYNA. Quadrilat-
eral isoparametric elements are used to model the slab and rockfill
elements, and the interface elements between the slab and cushion
layer as well as between the extrusion-sidewall and transitional
are simulated using the Goodman element. To obtain a more accu-
rate solution of the problem, a dense mesh is used in the FEM sim-
ulation, with 34,369 total elements and 34,088 nodes. The partial
detail is illustrated in Fig. 9.

5.2.2.2. Case 2. The CElement NPSBFEM (Gauss integration with the
introduced Gaussian points) is selected as the slab and rockfill ele-
ment type, and NPSBFEM is chosen to express the method pre-
sented in all figures. The interfaces between the slab and cushion
layer as well as between the extrusion-sidewall and the transi-
tional region are simulated by Goodman elements. To decrease
the computational workload, the polygon elements are introduced
to compose the cross-scale mesh between the cushion layer and
rockfill, which leads to 12,202 elements and 12,851 nodes. The par-
tial detailed mesh is shown in Fig. 10.

5.2.3. Parameter identification

A linear elastic model is used to model the concrete face slabs.
According to the available engineering design information, the
following properties are used in the analysis: a density p of
2.40 g/cm>, a modulus of elasticity E of 3e10 Pa, and a Poisson’s
ratio v of 0.167 (see Table 3). The modified generalized plastic
interface model [35,36] is used to simulate the interface elements
between the slab and rockfill; the model parameters are listed in
Table 4. The generalized plasticity model [37,38] parameters of

Table 3 . .
Parameters of the linear elastic model. the rockfill are listed in Table 5.
: 3
Material p (glem’) E (MPa) v 5.2.4. Results and discussion
Slab 2.4 30,000 0.167 5.2.4.1. Displacement and stress of the rockfill. The displacement and
stress of the rockfill after impoundment calculated using two dif-
Table 4
Parameters of the generalized plastic interface model [36].
Dyo/kPa D,o/kPa M, e, A afkPa®> b c
1000 1500 0.88 0.0 0.091 224 0.06 3.0
« 74 K M; k Ho/kPa £ t/m
0.65 0.2 0.6 0.65 0.5 8500 2.0 0.1
Table 5
Rockfill material parameters in the modified generalized plasticity model [38].
Go Ko M, Mg o %y Ho Hyo ms
1000 1400 1.8 1.38 0.45 0.4 1800 3000 0.5
m, m my, L} YoM Yu Po B
0.5 0.2 0.2 180 50 4 35 0.022
FEM

NPSBFEM

Fig. 11. Horizontal displacement of the rockfill after impoundment (units: m).
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FEM
————— NPSBFEM

1100
0,657
0.886 =770 429

0.200

Fig. 12. Vertical settlement of the rockfill after impoundment (units: m).
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Fig. 14. Minor principal stress of the rockfill after impoundment (units: MPa).
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Fig. 15. Stress of the slabs along the slope direction after impoundment (units:

MPa). Fig. 16. The deflection of the slabs after impoundment (units: cm).
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ferent methods are compared in Figs. 11-14. The results obtained
with the two methods correspond well and exhibit only slight
differences in partial locality; the discrepancy of the horizontal
displacement is 0.18%, and the discrepancy of the vertical displace-
ment is only 0.37%.

5.2.4.2. Stress and settlement of the slab. Fig. 15 shows the stress
along the slope direction of the slab determined from conventional
FEM, which corresponds well with the value obtained from
NPSBFEM; the maximal discrepancy is less than 5%.

The vertical displacement of the slab after impoundment as
simulated by the two methods are illustrated in Fig. 16. The max-
imum deflection, located at an elevation of approximately 103 m,
is 40.6 cm.

6. Conclusions

According to the integral rule of triangular elements, a novel
NPSBFEM is developed by introducing three internal Gaussian inte-
gration points over a subdomain covered by each line element in
this paper. The nonlinear confirming shape function is constructed
using the introduced Gaussian points by the semi-analytical solu-
tion derived from elastic theory. The NPSBFEM demonstrates a
promising flexibility for more complex geometries without affect-
ing its high level of precision.

Two numerical examples, a forcing analysis of a cantilever and a
concrete face rockfill dam static analysis, are simulated using
NPSBFEM. The exact displacements of the cantilever are derived
to validate the method. Excellent agreement is achieved, with a
maximum discrepancy of only 0.545%. The displacements and
stresses are compared with a dense FEM mesh in the CFRD analy-
sis. The differences in the displacements and stresses of the rockfill
are less than 1% and 5%, respectively, and the results in the slab
also correspond well with the FEM results. The results demonstrate
that introducing internal Gaussian points is an acceptable alterna-
tive approach for extending scale boundary finite elements to ana-
lyze elasto-plastic problems.

PSBFEM can be extended to research and industry as a versatile
and promising procedure for elasto-plastic analysis after its suc-
cessful application in linear engineering problems. The potential
significance of this method is expected to be confirmed in real-
world applications. Extending the theory to three-dimensional
structural analysis is imperative for the numerical simulation of
complex engineering structures, particularly in a multi-scale
context.
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Appendix A

A. Generalized plasticity model for rockfill and generalized plastic
interface model

The Pastor-Zienkiewicz model was developed by Pastor and
Zienkiewicz [39,40] based on the basic framework of generalized
plastic mechanics [41]. This model is applicable to the construction
of civil engineering structures and seismic response analyses as
well as the direct calculation of earthquake-induced permanent
deformation. Several improvements to the generalized plasticity

model have been proposed in recent years [37,42,43]. In this study,
the modified generalized plasticity model proposed by the authors
[44] was used for the rockfill materials. The authors modified the
shear modulus G, volume modulus K, load modulus H;, and unload
modulus Hy of this model:

G = Gopq(p/pa)™ (1)

K = Kopq(p/po)™ )

Hy =Ho - p, - (p/pa)™ - Hy - (Hy + Hs) - How - Hien (3)

H, = { HuoPa(P/Pa)™ (1,/Mg) 7 0,/Mg| <1 @
Huo 1Mu/Mg| > 1

Howm = exp((1 = 1/Nmge) Vo) (5)

Hgen = exp(yde,) (6)

where Hy is the coefficient of the plastic modulus, Hy, H, and H, are
the plastic coefficients, p, is the atmospheric pressure, and #max is
the ratio of the maximum historical stress. The modified model
can better describe the stress correlation and the cyclic hysteresis
characteristics and has successfully calculated the static and
dynamic response of CFRDs [38,45,46].

With the development of the elasto-plastic finite element anal-
ysis of CFRDs, the traditional Duncan-Clough hyperbolic and ideal
elasto-plastic contact surface models have been unable to meet the
needs of the elasto-plastic response analysis of CFRDs under seis-
mic loads. Based on the framework of the generalized plasticity
model and the two-dimensional interface model [47,48] proposed
by Liu et al., Liu et al. developed a three-dimensional interface
model [35] by combining the theory of the bounding surface model
[45] with state-dependent theory [46]. In this model, a group of
parameters can be used to accurately reflect the deformation char-
acteristics of the interface, including shear dilation, shear contrac-
tion, hardening, softening and particle fracture, under monotonic
and cyclic loading in three dimensions.
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